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Abstract—The twin-roll process is modeled by a coupled fluid flow and phase change model by means of
a versatile finite element method. The multidomain method is employed to deal with the solid and liquid
phases separately, which includes treating the liquid phase as an Newtonian fluid and the solid phase as a
viscoplastic metal. Furthermore, a simple and efficient method is used for overcoming the difficulty of
remesh phase encountered during iteration. From the results of this study, the inlet region must be included
in the analysis for obtaining the reliable flow field within the strip. In addition, the circulation occurs in
the molten region and it is driven mainly by the rotating rollers. Finally, the interface position and shape
are both influenced by the inlet flow rate and angular speed of rollers. © 1997 Elsevier Science Ltd.

INTRODUCTION

In twin-roll casting process, molten metal is fed
through a tip into the cavity formed by the walls of
two rotating rolls, which are water cooled from the
inside. The molten metal solidifies and forms a thin
shell on rolls surface, since heat is extracted by the
chilled rolls. Immediately after the complete solidi-
fication, the metal is rolled before reaching the nip. A
schematic diagrarn of this process is depicted in Fig.
1. Apparently, this process consists two major pro-
cesses of a conventional steel mill, namely casting and
rolling process. The integration of the two processes
also offer further savings in energy and manufacturing
costs by eliminating some of the intermediate stages,
such as soaking, loading, conveying, and unloading.
Furthermore, twin-roll casting can produce better
properties due to high cooling rate. However, the
twin-roll process requires a more sophisticated control
system than other conventional rolling processes [1,
2]. Knowledge of the strip fluid flow and heat transfer
behavior are essential for proper quality control of
the product.

Over the past decade, several contributions have
been made in modeling the twin-roll casting process.
Miyazawa et al. |3} developed a mathematical model
to evaluate the effects of several operational par-
ameters such as the angular velocity of the rolls, the
feed rate of the material, etc. and found that there
exists only a narrow range of these parameters afford-
ing stable operation. The velocity field was obtained
by an analytical rnethod under the assumptions of the
small clearance between two rollers and disregarding
the inertia effect. However, these two assumptions are
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Fig. 1. Schematic diagram of twin-roll caster.

somehow far from the real physical situation. Saitoh
et al. [4] applied this method to obtain the velocity
field and used the boundary fixing method to handle
the heat transfer problem by means of a complicated
coordinate transformation. Karabin et al. 5, 6] ther-
mal-mechanical model to predict certain measurable
process parameters. However, the temperature was
obtained only coupled with the mechanical field in a
consistent way. Takuda ef al. [7] obtained the velocity
field only fulfilling the kinematic conditions and the
temperature field was obtained in decoupling with the
velocity field. However, in twin-roll casting, the flow
field has a significant effect on the solidification pro-
cess itself and on the metallurgical structure of the
strip. All afore-mentioned literature really provided a
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NOMENCLATURE

b body force vector Greek symbols
c specific heat o relaxation coefficient
C advection matrix E effective strain rate
d generalized displacement vector Y, w, @, ¢, 3 weighting function
D diffusion matrix I',T.,I't interface, convection and
E strain rate tensor traction force boundaries,
f force vector respectively
hy height of the outlet A penalty number
h height of the inlet u viscosity
h, effective heat transfer coefficient p density
I three by three identity matrix g effective stress
k thermal conductivity G stress tensor
L latent heat Oy yielding stress
M;  pressure mass matrix T, x-component of traction force
n unit normal vector () rotating speed
? pressure Q modelling domain
Q flow rate Q. element domain
Q gradient matrix - &, 1 coordinates in calculating domain.
R radius of roll
T temperature Superscript
T temperature of the inlet n iteration level.
T.  melting temperature
T, ambient temperature Subscripts
t unit tangent vector h discretized
u,v  velocities in x- and y-directions, 1 liquid phase

respectively ] solid phase
v velocity vector U velocity aspect
x,y  Cartesian coordinates. T temperature aspect.

deep insight into the fundamental phenomenon of
twin-roll casting interacting with the operational par-
ameters, however, from the viewpoint of design a
more accurate and appropriate model is required for
obtaining more valuable information to avoid the
trial-and-error efforts at intermediate stages of devel-
opment. The appropriate models taking into account
the inertia effect and the coupling of fluid flow and
heat transfer are provided until recent years with the
progress of the numerical methods and techniques.
Ha et al. [8] employed the control volume method to
simulate the unsteady twin-roll casting and assumed
the molten metal to be filled at initial state. Hwang et
al. [9] simulated the filling sequences at the start-up
stage of the process. Hwang et al. [10] analysed the
effect of various process variables of a twin-roll caster
with a feeding nozzle by employing the enthalpy
method in a steady state. However, a restrictive
assumption of the flat surface between two rollers at
the inlet is made. This, somehow, may introduce some
inaccuracies to the flow field of the molten liquid
metal.

The main object of this study is to use the versatile
finite-element method to simulate the twin-roll casting
process. The multidomain method is employed to deal
with the solid and liquid phases separately, which

includes treating the liquid phase as a Newtonian fluid
and the solid phase as a viscoplastic metal and prob-
lem is solved by the coupled fluid flow and heat trans-
fer model. The numerical methods used here are based
on the author’s previous work [11] and the newly
implemented numerical algorithm for overcoming the
difficulty arising from the improvement of the physical
model is also included. The effect of various process
parameters on the thermal and flow behavior are
examined.

MATHEMATICS FORMULATION

The geometry of an idealized twin-roll process is
depicted in Fig. 2. The two-dimensional model is
based of on the assumption that the ratio of the width
to thickness is large and hence the side board effect is
neglected. In addition, the process is also assumed to
be in a steady state, and the buoyancy effects are
negligible, due to the fact that molten metal is mainly
driven by the roller rather than by gravity [12]. The
governing equations, simulating the twin-roll process
for the both liquid and solid phases, include the con-
tinuity, momentum, and energy equations, and are
described as follows :
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Fig. 2. Idealized geometry of simulation domain and bound-

ary conditions.
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where v is the velocity vector with » and v its com-
ponents in the x- and y-direction; p is the density; &
is the stress tensor ; b is the body force vector ; ¢ is the
heat capacity; 7 is the temperature; and % is the
conductivity.

The constitutive equation is

o= _pI+2“(GY,é’ T)E (4)

where p is the pressure; I is the 3 x 3 identity matrix ;
s the viscosity ; o is the yield stress ; £ is the effective
strain rate; and E = 1/2[Vv+ (Vv)T] is the strain rate
tensor.

In equation (4), u is generally a function of yield
stress, effective strain rate, and temperature. In
addition, p plays an important role in modeling
different kinds of material behavior, such as New-
tonian fluid, non-Newtonian polymer, and visco-
plastic metal, covering both liquid phase and solid
phase [13, 14]. In the present approach, different forms
of u is used to model the molten and solidified metals,
and it is described in the following.

In liquid phase the viscosity is assumed to be inde-
pendent of temperature, i.e u = constant. In solid
phase, the viscoplastic model of Perzyna type is used
to simulate the behavior of solidifying metal from
liquid to solid as well as the solid at high temperature,
and the viscosity can be expressed in the following
form [15]):

&)

=

Il
W —
ot | Qu

where & is the effective stress, and £ is the effective
strain rate. Note that in the present analysis an
expression of effective stress as a function of effective
strain rate and temperature (i.e. & = ¢(T)5™®) is pro-
vided by uniaxial compression test [16] and thus the
final expression of the viscosity of the solid is shown
in the Table 1.

The associated boundary conditions for the above
governing equations are described as follows :

At the inlet, the velocity profile is assumed as a
quadratic function of y which is under the assumption
of the plane Poiseuille flow with a sufficiently long

Table 1. Physical properties of stainless steel and operational parameters for calculation [4, 9, 16]

Physical property Symbol Unit SUS 304
Thermal conductivity (solid) k, Wm!'-K-! 31.90
Thermal conductivity (liquid) k, Wm-K™! 20
Specific heat (solid) c kI kg ' K-! 0.644
Specific heat (liquid)) a kJkg™'-K~! 0.67
Density o= P, kgm™ 7400
Latent heat L kI kg™! 272.2
Meiting temperature T °C 1400
Roll diameter 2R cm 8.9
Half of strip thickness ho cm 0.16
Flow rate Q cm? s~ 0.4
Angle of roll bite o deg 43
Viscosity (liquid) u N-sm™? 0.56

(solid) u= %cé“‘“ N-'sm™

where ¢ = T18.92 x ¢571-6344T N-s®"m™2

and m= —4.2875"¢x T?+0.0088775 x T—4.225
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inlet length and thus the fully developed profile is
obtained, and the inlet temperature is assumed to be
uniform, we have

SR

v=0 0]
T=T, (®)

where @ is the flow rate and 4, is the height of the
inlet.

Along the tip surface, the non-slip condition is
applied and thermal insulated condition is assumed,
hence

u=0 ©)
v=0 (10)
oT

e )

At solidification front, the mass conservation in the
normal direction, non-stip condition in the tangential
direction, fixed melting temperature under phase
change, and the energy conservation across the inter-
face are applied. Here, the assumption of existing only
one solid/liquid interface is made, that is the effect of
the mushy zone is neglected. Generally speaking, the
effect of the mushy zone is mainly dependent on the
magnitude of the difference between the solidus and
liquidus temperature and cooling condition of the pro-
cess. The related boundary conditions are described
as follows:

PV N =pV Nt (12)
voet=v't (13)

T=T, (14)

VT n—k VT, n=pLv'n 15)

where the subscript s and | represent the solid and
liquid phases ; n and t are the unit normal and tangent
vector of the solidification front; T, is the melting
temperature ; L is the latent heat of solidification, the
effect of which is the cause of the temperature gradient
discontinuity across the interface.

At the interface of strip and roller surface, the non-
slip condition, based on the observation of experiment
[17], is assumed ; and the heat convection model rep-
resented by the effective heat transfer coefficient and
the ambient temperature is used to replace the actual
heat transfer between strip and roller. Two parameters
can be used to represent the cooling capability of the
roller, hence we have

u=ow/R*—x?

(16)
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V= wx

a7
18)

where w is the rotational speed and R is the radius of
the roller; 4, is the effective heat transfer coefficient
between the roller and strip.

At the outlet, it is assumed that heat conduction in
x-direction is negligible, and vanishing of the velocity
in y-direction and the normal traction, hence we have

—kVTn=h(T-T,)

b=10 (19)
£, =0 20)
oT

e (21

At the midplane of symmetry conditions and the
vanishing of tangential traction are used, hence we
have

v=0 22)
7,=0 (23)
oT
3= (24)

FINITE ELEMENT METHOD

The methodology of the finite element formulation
used here is mainly based on the authors’ previous
works [11]. the same formulation, thus, is just
described briefty, except the newly implemented
numerical algorithm. The weak form of the con-
tinuity, momentum, and energy equations can be
obtained by using the weighted residuals method. The
discrete weak formulation involves applying the test
functions i to equation (1), and w, ¢ to equation
(2) and equation (3) where  is also chosen as the
interpolation of pressure and w, ¢ can be chosen as
different from interpolation function of velocity and
temperature, and using the divergence theorem; the
liquid phase formulation is combined with the solid
phase formulation by incorporating the interfacial
boundary condition of the latent heat released under
phase change as stated in equation (15). After obtain-
ing the resulting equation, the consistent penalty [18,
19] is used to eliminate the pressure variable for the
sake of reducing the total degrees of freedom of the
final matrix. Moreover, this method can provide more
accurate results than the penalty method, in which
the technique of reduced integration is incorporated,
when deal with more complex geometry or iso-
parameteric meshes. Finally, the derived equations are

f [ov- (V)W +A(Vy - V)(Vy - w)

+2uE: Vw]dQ = J (o)w-ndl' (25)

Q

pb'wdQ+J

rr
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j [kVT* Vo + pe(v: VT)o] dQ
Q

= —j pL(v:n)o dF—J WT-Ty)edll (26)
I, r

3

where Q is the modeling domain containing both
liquid and solid phases and I';, ', and I'y correspond
to the melt/solid, convective, and traction boundaries
respectively. The symbol ““:” denotes the dyadic prod-
uct, V,, is a discrete divergence operator introduced by
Engelman et al. [19] and 4, a large number, is the
penalty number. Note that the pressure space still
appears explicitly in the penalty formulation, equation
(25), this is the main difference between the present
method and penalty method accompanied with the
technique of reduced integration.

A new element [20, 21] is used to interpolate the
velocity and pressure with biquadratic and linear func-
tions respectively, as depicted in Fig. 3. The main
advantages of using this element are that it provides
a superior characteristic of convergence than other
element and the yield no spurious pressure mode in
the solution. The interpolation functions for velocity
and temperature are introduced as

9 9
V= Z vip, T= Z T:¢; 27
oy i=1
at element level (i.e. Q.), where v;and T, are unknown
nodal values of velocity and temperature. The inter-
polation functions for p are introduced as

_1, 2 RS S
W1—3+\/§'I’ i \/EC \/8’7’
1 1 1
ymr———f—— 28
Vs =3 ﬁé \/gn (28)

where ¢ and # are the coordinates defined in the cal-
culating domain.

The test function is chosen as different from the
interpolation function, as in the well-known Petrov—
Galerkin method, in order to suppress oscillating solu-
tions existing in the convective dominant problem.
The upwinding is achieved by defining the weighting
functions as follows:

Ll

ou v, T
op

Fig. 3. A nine-node velocity and temperature, three-node
pressure element.
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w; = @i(x, ¥) +8:(x,y; V)
(29)

@i = ¢;(x, ¥) +3(x, y;v),

where ¢ is a Lagrangian biquadratic basis function.
The extra function 3, suggested by Heinrich et al.
[22], contains information about the direction and
magnitude of the local velocity field.

The global equation can then be obtained by sum-
ming all the elements that construct the approximate
space (i.e. Q = U Q,). After substituting the interpo-
lation functions into equations (25) and (26), the final
matrix form at the element level can be obtained as

(Cy+Dy+iQM,; 'QN)v = fy (30)
(Ce+D)T=1f; (3GYH

where C and D are the advection and diffusion matr-
ices and the subscripts U and T represent velocity and
temperature. Mp is the pressure mass matrix con-
taining the pressure interpolation functions, Q and Q"
are the matrices associated with the gradient operator,
and f is the forcing function and natural boundary
condition. A detailed description of the above
matrices and the derivation of finite equation can
be seen in refs. [20] and [23].

The crucial point of the penalty method in practical
computation is the determination of the penalty
number, 4. Generally, the selection of A depends on
both viscous and inertia terms. In order to fulfill the
incompressibility constrain, the penalty number must
be large enough to make a distinct difference between
Cy, Dy and QM; ' Q7 matrices. However, too large a
number will destroy the accuracy of solution, since
only finite significant digits are carried in the com-
putation. A comprehensive discussion in deter-
mination of A can be seen in ref. [24]. Although, some
empirical criteria for determining A are available, it
is still hard to determine it under some complicated
situations, such as the viscosity varies in several orders
of magnitude under phase change. The difficulty lies
in the selection of A cannot satisfy both considerations
of machine accuracy and incompressibility constraint.
For overcoming this problem, the iterative penalty
method, namely Uzawa algorithm [25, 26], is used
here and the procedure is briefly describe as follows:

(1) given P*~!, solve for v* as

(Cu+Dy+iQM; 'QN)YV =1, + QP .
(2) update

(32)

P =P +IM; Qv (33)

(3) repeat steps 1 and 2 until the discrete divergence,

DIV, =max Q™| (34)

is sufficiently small.

Note that the traditional penalty method cor-
responds to the case when P"~! is zero and the iter-
ation is performed only once. DIV, is the maximum
value of discrete divergence taken from over all
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O Interface position at physical domain

X Interface position at calculating domain

Fig. 4. Illustration of procedure of finding interface positions.

elements of the mesh. In addition, DIV}, also provides
a useful information of satisfaction of a divergence-
free velocity field and can be qualified as a powerful
and versatile diagnostic tool. It also can be used in the
traditional penalty and mixed methods for confirming
the reliability of the solution. The major advantage of
the Uzawa algorithm is that it guarantees satisfaction
of the incompressibility constraint to desired accuracy
for a moderately large penalty number. Thus, in prac-
tical computation, the magnitude of penalty number
can be easily decided for just taking the minimum
viscosity into account.

The direct successive iteration method is used to
solve to nonlinear matrix algebra equations, (30) and
(31), for validity over a wide range of nonlinearity.
The successive iteration method, including updated
the solution using an under-relaxation method, is
given as:

& = ad"+ (1 —0)d"" (35)

where d is the generalized displacement vector and
can represent the velocity, temperature or interface
position, « is the under-relaxation number, and the
superscript # denotes iteration level. The iterations are
performed separately in solving fluid-flow and heat-
transfer problems. Note that when dealing with a non-
linear geometry problem, that the relative variation of
interface position is smaller than a given tolerance is
used as a stop criterion.

REMESH PHASE

Due to the satisfaction of continuity conditions
within an element, the mesh must be updated during
each iteration step to maintain the element boundary
at the melt/solid interface for taking into account the
discontinuities of temperature gradient and material
properties across the melt/solid interface. The location
of the melt/solid interface is found by using the melt-
ing point isothermal condition. In order to increase
the efficiency of finding the interface position, a family

of curves which remain unchanged throughout the
computation is introduced, along with a set of map-
ping functions establishing the correspondence
between the family of curves and the curvilinear coor-
dinates defined in the calculating domain. The main
advantage of this method lies in finding the interface
position in one dimension rather than two, thus reduc-
ing the complexity of the remesh phase. In addition,
the interface position is found not only at the lement
boundary, but also in the interior of the element by
mapping all nodes lying in the family of curves to
the calculating domain. The procedure can be briefly
summarised as depicted in Fig. 4, where interface pos-
ition is successively found on the family of curves. The
interface shape is interpolated by quadratic functions
at the final element-level calculation, thus it is found
as a curve rather than a line, offering more accuracy
in both calculation of the area integral and latent heat
line integral. The detailed procedure can be seen in
ref. [11].
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Fig. 5. Temperature distributions for different inlet lengths
atw=03rads .
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RESUI.TS AND DISCUSSION As a consequence, the computational domain is

enlarged to cover the inlet region in present approach

The twin-roll process conditions of this study come and a fully developed profile is assumed at the inlet.
from a laboratory scale caster and the material proper- In order to access the correct enlarged length, the
ties as well as the geometric data of the process are  different inlet lengths are verified. From the results, as
summarized in Table 1 [4, 9, 16]. In addition, the shown in Fig. 5, when the inlet length is increased to
formulae related to the expression of viscosity, fitted 1.1 cm the temperature, obtained near the regions
from the experimental data, are also included in Table formed by two rollers, along the inner surface of the
1 [16]. Note that the viscosity of solid is both the tip and midplane are invariant as compared to that
functions of effective strain rate and temperature. with the long inlet length. Thus, in the following analy-
For the sake of easily analysing the flow field or sis the inlet length is set as 1.1 cm due to the fact that
saving the computing time, the inlet region is often this length is sufficiently long (for this length, the
neglected in previous works by the researchers [5-7]. acceptable range of the rotational speed of the roller,
Thus, the inlet boundary conditions are then applied w, is up to 0.36 rad s~! approximately). The initial
artificially. However, these conditions have a sig- finite element mesh topology is shown in Fig. 6(a),
nificant influence on the results of flow field. Physi- where the mesh contains 408 elements and 1725 nodes.
cally, we have a better knowledge on the upstream The final mesh topology as the solution converged is
boundary conditions than those on the downstream. shown in Fig. 6(c). As can be seen, the interface shape

1.5
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N N
S qﬂ:td;z:h N
= I~ \h\\\‘\'\\\ 2
SENERERERENSSS
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0.5 SNSSSESESSSNSSS
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SRR
RN
SERSESSSSSENSSS
siEEESSE
0 o L 1 1 1 1 .
-4 -3 -2 -1 0
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15 -
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‘g i Converged interface
S
N
>\
0.5
0.0 n n 1 1 ) Y e e e e
-4 -3 -2 -1 0
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Fig. 6. Mesh topology of twin-roll casting process : (a) initial mesh ; (b) final mesh.
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is found as a curve rather than a line, and there is no
need of the extra effort to interpolate the interface
shape from the result of temperature. The illustrations
of stream lines and temperature contours are also
indicated in Figs. 7(a) and (b), respectively. From the
results, a small circulation zone is formed in the liquid
phase and the high-temperature gradient area occurs
in the region near the roller.

Figures 8(a) and (b) show the velocity vector in the
inlet region with different angular velocities of the
roller, w. The resuits indicate that the velocity of the
inlet region is also influenced by the rotational speed
of the roller. Owing to the drag force of the roller, the
flow direction moves upward near the region formed
by two rollers. In addition, both the magnitude and
direction of the inlet velocity at x = — 3 are influenced
by the angular velocity of the roller, especially for the
lower part of the beginning of the roll bite. Thus, it
cannot be decided as a quadratic function of y or
uniform at different @ when the inlet region is neg-
lected in the analysis. Figure 9 shows the inlet tem-
perature at x = — 3 with different rotational speeds of
the roller. The results also indicates the inlet tem-

J.-G. CHANG and C.-1. WENG

perature is function of the rotational speed of the
roller. In addition, the inlet temperature is uniform at
small rotational speed, except the upper part of the
beginning of the roll bite. Thus, the uniform tem-
perature can be used as an approximate inlet condition
at small rotational speed of the roller when the inlet
region is neglected in the analysis. The formation of
the circulation as angular velocity of the roller
increased is shown as in Figs. 10(a)~(d). From which
it is seen that, the circulation zone enlarges as the
angular velocity of the roller is increased. Besides, this
circulation is mainly driven by the force convection
rather than natural convection. The temperature con-
tours, shown in Fig. 11 as w = 0.36 rad s™!, are bent
inward as compared to Fig. 7(b). The result also indi-
cates the velocity field have a strong influence on the
temperature distribution. The comparison of the tem-
perature along the upper surface of the strip and mid-
plane at the different rotational speeds of the roller is
shown in Fig. 12. The temperature range between the
upper surface of the strip and midplane shortens as
the rotational speed of the roller is increased. This
behavior is mainly due to the circulation to increase

(3.}
LN i L B S B B S B A |

o
o
L F

Fig. 7. Flow and temperature fields at @ = 0.27 rad s~': (a) stream lines ; (b) temperature contour.
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Fig. 9. Inlet temperature variation at x = — 3 along height of inlet.

the efficiency of the heat transfer. Figure 13 shows the
interface profiles at different w, the interface position
of upper strip surface moves forwards as w increases.
On the contrary, the interface position of midplane

moves inwards as « increases. The cause of this
behavior is that the circulation makes the temperature
field to be redistributed. In addition, the thickness of
the solidified shell is also influenced by w. As w is
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d
Fig. 10. Stream lines at (a) w = 0.26 rad s™'; (b) 0 = 0.28 rad s™; () w = 0.3 rad s~*; (d) & = 0.36 rad s~
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Fig. 12. Temperature distributions along upper surface of
strip and midplane at different w.

increased, the shell thickness becomes thinner. The
influence of the flow rate on the interface position can
be seen in the Fig. 14. As the flow rate is increased,
the interface move toward the nip. From Figs. 13 and
14, these results also indicate that the interface shape,
as well as the solidified position at midplane, is not
only a function of w, but also of flow rate, Q. Finally,
Fig. 15 shows the temperature along the upper surface
of the strip and midplane at different flow rates. As

1.6

1.2 3
N

Sos
B

Lidi il Liaiaay

can be seen, the temperature increases as the flow
rate is increased, since the larger flow contains more
thermal energy needed to conduct outwards by the
roller.

CONCLUDING REMARKS

The finite element method presented here provided
a simple and efficient tool to simulate the twin-roll
casting problem. The complexity of remesh phase of
multidomain methods can largely reduce by incor-
porating the interface search scheme based on a local
transform technique. Thus, the simulation of different
materials behavior and the discontinuity of material
properties can easily be handled. In addition, the solu-
tions of the interface shape and the temperature,
obtained near the interface, can provide more accu-
racy. The results from present study are summarized
as follows:

(1) The inlet region must be included in the analy-
sis, thus, the velocity conditions at the beginning of
roll bite can be decided naturally. It aiso has the influ-
ence on the flow field within the strip.

(2) The velocity field is exhibited a two-dimen-
sional behavior and it also has a significant influence
on the temperature field.

(3) The circulation is driven mainly by the force
convection and the circulation zone enlarges as the
angular speed of the roller is increased.
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Fig. 13. Interface shapes at various w.
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Fig. 15. Temperature distributions along upper surface of
strip and midplane at different flow rates and w = 0.32
rads—".

(4) The interface position and its shape are influ-
enced by both of the flow rate and angular speed
of the roller. In order to control the interface to an
appropriate position, these two operational con-
ditions must be considered simultaneously.

In this paper, we have been developed a general
thermomechanical model as well as numerical algo-
rithm to simulate the twin-roll process. One of the
salient features of the present analysis is a more
realistic representation of the fluid-flow phenomena
in the molten metal as compared to some of the afore-
mentioned literatures. However, some assumptions
made in the formulation must be clarified from a more
realistic aspect. The assumption of the large ratio of
width to thickness is made and hence the complicated
three-dimensional model can be reduced to the two-
dimensional one. That assumption also implies that
the obtained results are valid only in the cross-sections
of width where are not near the side board. As a
consequence, the flow pattern of the inlet condition is
somewhat different from the fully developed profile of
plane Poiseuille flow and the interface shape is three-

1

dimensional when the side board effect is taken into
account. Additionally, the effect of the mushy zone
is neglected for simplifying the numerical treatment.
However, the effect of which also has the influence on
the flow and temperature fields mainly depending on
the magnitude of the difference between the solidus
and liquidus temperature and cooling condition. As
deduced from the damped effect of the mushy zone,
the circulation zone predicted by the present model
may be somewhat larger than that in the actual situ-
ation. Finally, a further examination of the exper-
imental data for accessing the deviation of the present
model on the measurable quantity will be needed in
the future.
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